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2D Signal
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Image Decomposition
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Orthonormal Basis Functions

Discrete

<bk,l’bk’,l’>= E Ebz,l[m’n]bk’,l’[m’n]

—k-K1-17

Continuous

(B b ) = [ [8i, eyb . (ydxdy
= 8k, -kl ,k, —k))
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Example

Are these orthonormal?
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Example

Are these orthonormal?
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Discrete Expansion Coefficients

The discrete expansion is

glm,n]= i ick,lbk,l [m,n]

k=—o [=—

If the basis functions b, ,[m,n] are orthonormal then

Cri =<bk,1’g> = i i by, [m,nlg[m,n]

m=—0 p=—00

= i i by lm,n] i ick’,l’bk’,l’[m’n]

m=— — k'=—o0]'=—0
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Continuous Expansion Coefficients

The continuous expansion is

g(x,y) = j‘}c(kx,ky Vo s (x.y)dk,dk,

If the basis functions b, ; (x,y) are orthonormal then

c(kk,) = (b, &)= b1, (gry)dvdy
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Separable Basis Functions

Discrete
b, ,[m,n]=b,[m]b,[n]
e.g. Olm—-kn-I1]=0[m-klo[n-I]

Continuous
bkx,ky (x,y) = bkx (x)bky (»)
¢8- 5()6 —XpY -~ yi) = 5()6 - xi)é(y B yi)
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Separable Basis Functions

bn]=[1 0] b,[n]=[0 1]
1 1
b[m] = [0] b[m] = [0]
bn]=[1 0] b,[n]=[0 1]
pylm] = H by ] = H
1 2 1
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Separable Basis Functions

bn]=[1 11/~2 bn]=[1 -11/A2
bl[m]=il b m]= 1 (1

V21 [m] = =h

hin)=[1 11/~2 bnl=[1 -11/A2
b _ 1 1 b _ 1 1
ml=—=1 ) =,

b lm,n]=bm] bn]  b,[m]=exp(-mmk)//2 b,[n] = exp(-mml) /[2
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Example
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Fourier Basis Functions

Recall that for 1D the basis functions are complex exponentials
bkx (x) =/
For 2D, we use the separable 2D functions

B (63) = (1), () me 5 2 o700

Are they orthonormal?
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Plane Waves

e J2m(kx+k,y

- cos(2jr(kxx + ky)’)) + jSin(Zﬂ(kxx + kyy))
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Plane Waves

AABC ~ ABDC
AC _ AB
BC _ BD
A 11
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2D Fourier Transform

Fourier Transform

©

Glk,.k,) = F[g(x.y)] = <ej 2”("‘“""y),g> = [ gCeye M axay

Inverse Fourier Transform

g(x,y) = fG(kx’ky)e.i2n(kxx+ky)’)dkxdky
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Separable Functions

g(x,y) is said to be a separable function if it can be
written as g(x,y) = g (x)g, ()
The Fourier Transform is then separable as well.

Gk, k) = [ [ (e, ixay

—00 —00

_ ng (x)ef'ﬂ”k"xdxfgy(y)e_jzﬂkyydy

=G, (k)G (k)
Example

g(x,y) =T(x)I(y)
G(kx,ky) = sinc(kx)sinc(ky)
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Example (sinc/rect)

Example

g(x,y) =II(x)II(y)
G(kx,ky) = sinc(kx)sinc(ky)
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Example (sinc/rect)

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250 50 100 150 200 250
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Examples

50 100 150 200 250 50 100 150 200 250

Examples

50 100 150 200 250 50 100 150 200 250
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Examples

50 100 150 200 250 50 100 150 200 250

Examples

50 100 150 200 250 50 100 150 200 250

50 100 150 200 250
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Examples

g(x,y) =0(x,y) = 6(x)d(y)
G(k,.k,) =1

g(x,y) = 0(x)
G(k,.k,) = (k) !
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Examples

— j2max

gx,y)=l+e
G(k,.k,) = 0(k,.k, )+ 8(k, + a)d(k,)

Jj2may

gx,y)=1+e
Gk, k,) = 5(kx,ky) + 5(kx)5(ky -a)
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Examples

7

<+“—>

Z:

g(x,y) =cosm(ax + by))

G(k,.k,) = %6(1@ —a)d(k, -D)+ %6(1@ +a)o(k, + D)
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Examples

G(k,,k,)=0(k,.k,)+
ok, + c)é(ky) +
Ok, )o(k, - d) +

%a@-@&@-m+%a@+m&@+m

glx,y)=m"
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(a) original image

50 100 150 200

(b) spike at center

Examples

250

() spike off-center in ky

50 100 150 200

(d) spike off-center in kx

50 100 150 200

Examples

250

250
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Basic Properties
Linearity
Flag(x,y) + bh(x,y)] = aG(k,.k,) + bH(k,.k,)

Scaling

1 k. k
F[g(ax,by)]= abG(;’bX)
Shift

F[g(x -a,y— b)] = G(kx’ky )e*jZfr(kxmkyb)

Modulation
Flg(x.y)e "] = G(k, - a.k, =b)

Thomas Liu, BE280A, UCSD Fall 2004

Modulation Example
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50 100 150 200 250
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Convolution/Multiplication

Convolution

Flg(x,y)**h(x,y)] = G(k,.k,)H(k,.k,)

Multiplication
F[g(x,y)h(x,y)] = G(k,.k ) *H(k,.k,)

Multiplication in one domain translates into convolution
in the other domain.

Thomas Liu, BE280A, UCSD Fall 2004

Convolution Example

ok k) Mk ) B Mk k)

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

g(xy) m(x,y) glx y)*mix,y)

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
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Symmetry

Flg'(6))] =G (<k,=k,)

If g(x,y) is real then g(x,y) = g"(x,y), so
G*(—kx,—ky) =G(k,.k,)

N\
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Parseval’s Relations

Energy is preserved

[ [ JaGey) dxy = [~ [7|Gk, k) dk,dk,

So is the inner product
(&.h)=(G.H)

[ [ g opneyydxdy = [~ [7 G (k,.k)H(k,.k,)dk dk,
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