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2D Signal
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Image Decomposition

glm,n] = ad[m,n]+ bd[m,n -1+ cd[m-1,n]+ dé[m-1,n-1]

= Eig[k,l]é[m—k,n -1

k=01=0

= 22%1’%1["7’”]

k=0 1=0
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Orthonormal Basis Functions

Discrete

<bk,l’bk’./’>= E Eb;l[m,n]bk,_,,[m,n]
=8k ~"-11
Continuous

<bk‘ * abk; ) > = j jbf &, (X y)bk; w0 (X y)dxdy
= 6k, - kl,k, —k.)
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Example

Are these orthonormal?
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Example

Are these orthonormal?
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Discrete Expansion Coefficients

The discrete expansion is

glm,n]= i i”whu[m’”]

[y

If the basis functions b, ,[m,n] are orthonormal then

~(borg)= S S b dmagimanl

[y —y

-3 S hma $ Tewsbustmn)
= E IEm S S ke, il
= E Eck,é[k—k’,l—l]
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Continuous Expansion Coefficients

The continuous expansion is

g(xy) = }}c(k\,k“)bk\ + Cey)dk dk,

If the basis functions by, (x,y) are orthonormal then
c(k\,k‘;) =<bk & ,g> = ffb; L (. y)g(x,y)dxdy

by (x, ))ff (LK, o (x. )k dk dixdy

0l
Ll sk 8
»&%Xx%ﬂx%"

1
I
B~

( k) f f by (4. )by o (x,y)dxdydk,dk;
o

kKoK, — kL K, = k! )k dk,
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Separable Basis Functions

Discrete
b ,[m,n]= b [m]b,[n]
eg. Om-kn-1]=06[m-klo[n-1I]

Continuous
bk\ K, (x,y) = bk\ (x)bk\ »
eg. O(x-x,y-y,)=06(x-x,)8(y-y)
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Separable Basis Functions

bn]=[1 0] by[n]=[0 1]
1 1
b] [m]= [0] b] [m]= [0]
bn]=[1 0] b,[n]=[0 1]
by[m] = H b,[m] = [O]
1 2 1
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Separable Basis Functions
blnl=01 11/-2 blnl=[1 -11//2

11
b,[m]=—[ _

W21 hl[m]—ﬁ[l

blnl=[1 112 bnl=[1 -1/12
pimp= | pim =[]
TR - T2 |-y

b, Im,nl=bIm] bn]  bm]=exp(-mmk)/2 b,[n] = exp(-anl) /2
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Coefficients l

Basis Functions
Sum

u

Objccl ’
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Fourier Basis Functions

Recall that for 1D the basis functions are complex exponentials
b (¥)= e

For 2D, we use the separable 2D functions
b, , (%y)=b, (x)b, ()= g2 AT

27k, x+kyy)
e

Are they orthonormal?
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Plane Waves

e/ cos(2n(klx + k)_y)) + jsin(2n(kxx + k).y))

1
K2+ k?

13 Q

1/k,
cos(2mk,x) cos(2mtkyy) cos(2mk,x +2mk,y)

Thomas Liu, BE280A, UCSD Fall 2004




Plane Waves

AABC ~ ABDC
ac_ap
BC BD
A 11
N N
1/k, D BD=AB£=¢= !
° AC 1 1 k>+k
=t :
koo kg
(c] C
B 1/k, 6= arctan(f‘)
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2D Fourier Transform

Fourier Transform

Gk, k)= F[g(x,y)] _ <ej2”(k\“k\\),g> _ j‘g(x,y)e”z"(“”“")dxdy

Inverse Fourier Transform

e(x,y) = fG(k\,kj.)e'Z”(k“‘ &, “)dkxdk\

Thomas Liu, BE280A, UCSD Fall 2004

Separable Functions

g(x.y) is said to be a separable function if it can be

written as g(x,y) = gy (*)gy (¥)

The Fourier Transform is then separable as well.
Gk, k) = [ [ gy axay

— fgx (,’6)6”’w“dxfgy(y)eﬁz"k“dy

=G, (k,)G, (k,)
Example
g(x,y) =TI(X)I(y)
G(k,,k,) = sinc(k,)sinc(k,)
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Example (sinc/rect)

Example
g(x,y) =TI(OI(y)
G(k,,k,) = sinc(k,)sinc(k,)

-172

-172 ’ Kl
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Example (sinc/rect)

50 100 150 200 250

50 100 150 200 250

Examples

150 200 150 200 250

150 200

150 200 250




Examples

150 200 250 150 200 250

150 200 250

Examples

150 200 250 150 200 250

150 200 250 150 200 250

Examples

150 200 250

150 200 250




Examples

8(x,y) =6(x,y) = 6(x)o(y)
Gk, k) =1

g(x,y) =0(x)
Gk .k,)=08(k,)
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Examples

glxy) =T+ e/
N >
Glk,.k,) = 8k, ) + (K, + @)d(k,)

j2may

glx,y)=l+e
Gk, .k,) =08k, k) + Sk )S(k, - a
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Examples
7
_

g(x,y) = cos(2m(ax + by))

Gk, .k,) = %6(/{»( -a)d(k, -b) + %5(& +a)d(k, +Db)
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Examples

Gk, k) = (k, k) +
Ok, +c)o(k,) +
O(k)o(k, —d) +

%6(& - a)d(k, ~b) + %5(1& +a)d(k, +b)

g(x,y)=177
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Examples

(s) original image

50 100 150 200 250

(b) spike at center

150 200 250

Examples

(c) spike off-center in ky

50 100 150 200 250

(d) spike off-center in kx

150 200 250
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Basic Properties
Linearity
Flag(x,y) + bh(x,y)] = aG(k,.k,) + bH(k,.k,)

Scaling

1 k, k
Fg(ax.by)] = wG(;?)
Shift

F[g(x —ay- b)] _ G(k\,k‘;)e"2”‘*"”“"’

Modulation
Flg(x, e "] = G(k, - ak, - b)
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Modulation Example

50 50 50
100 100 100
X =

150 150 150
20 20 200
250 250 20

50100 150 200 250 50 100 150 200 250 50 100 150 200 250
50 50 50
100 100 100
150 s 150
20 00 20
250 250 20

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
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Convolution/Multiplication

Convolution
Fg(x,y)x#h(x,y)] = G(k,.k,)H(k,.k,)

Multiplication
Fg(x.y)h(x,)] = G(k,.k,) * *H(k,.k,)

Multiplication in one domain translates into convolution

in the other domain.
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Convolution Example

Ak, k) Mk k) Glk kMK K )

100
150

200

250

250
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

o(xy) Ax ) mixy)

250
50 100 150 200 250 50 100 150 200 250

50 100 150 200 250

Symmetry

Flg'(x.»)] =G (-k,.~k,)

If g(x,y) is real then g(x,y) = g"(x,y), so
G"(=k,,—k,)=G(k,.k,)

7/
AN
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Parseval’s Relations

Energy is preserved
I Jstx, y)\zdxdy = f:‘G(k\.kv)‘gdk\dk‘
So is the inner product

(g:h)=(G.H)
I g ymeyddy = [~ [7 G (k,.kH(k, .k, )dk dk,
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