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2D Convolution/Multiplication

Convolution
F[g(x,y) *#h(x,y)] = G(k,.k,)H(k,.k,)

Multiplication
F[g(x,)h(x,y)] = G(k,.k,) *+H(k k)
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Convolution/Modulation
Theorem
F{g(X) * h(x)} = f:[fig(u) s h(x - u)du]e—jznkxxdx

= f_o; g(l/l)f: h(x - u)e—jzrrkAxdxdu
= f:g(u)H(kx)e—janxudu
=G(k)H(k,)

Convolution in the spatial domain transforms into
multiplication in the frequency domain. Dual is
modulation

F{g()h()} = G(k,)=H(k,)
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Application of Convolution Thm.

{1 - ‘x‘ ‘x‘ <1
A(x) =

0 otherwise

F(A(x)) = fjl(l— ‘x‘)e’fzf‘ka-’fdx =99

-1 1
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Application of Convolution Thm.

A(x) =TI(x) *II(x)
F(A(x)) =sinc?(k,)
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Convolution Example

Glk, k) Mk, k) Gl Mk k)

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

gxy) m(xy) g0 yymixy)

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
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Response of an Imaging System

hy(xy) hy(x.y) hy(xy)

g(x.y) z(X,y)
— MODULE1 [— MODULE2 —* MODULE3 —
Gk,k,) Z(ky.ky)
H,(k, k) Hy(k,.k,) Hy(k,.ky)

2(X,y)=g(X,y)**h; (X,y)**hy(x,y)**h;(x,y)

Z(k,k,)=G(k, k) H,(k k) Hy(k k) Hy(k k,)
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System MTF = Product of MTFs of Components

System

L L \.'"!“- s
0.0 1.0 2.0 3.0 4.0 5.0
Spatial Frequency (cycles/mm)

Bushberg et al 2001
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Useful Approximation

FWHM,,, = w/ FWHM + FWHM +--- FWHM },
Example

FWHM, =1mm

FWHM, =2mm

FWHM =[5 =2.24mm

system
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Modulation Examples

Flg(x)e?™ ] = Glk,) * 8k, - k,) = G(k, — k,)

F[g(x)cos(27k,x)]| = %G(kx —ko)+ %G(kX +k,)

F[g(x)sin(2nk,x)] = 21—1 Gk, k) - %jG(kx +k,)
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D74. The intrinsic resolution of a gamma camera is 5 mm. The collimator resolution is 10 mm. The
overall system resolution is mm.

A.

B. 11.2

C. 15

D. 5.0

E. 0.5
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Amplitude Modulation (e.g. AM Radio)

8 ACP— 2g(t) cos(2mf,t)

2cos(2mtfyt)
~ —~ |~
— — —
-f fo
G(f) G(f-f)+ G(f+f,)

[TT Liu, BE280A, UCSD Fall 2015




Modulation Example

50 50

100 100
X

150 150

200

250 250
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

25¢ 250
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
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Summary of Basic Properties

Linearity
F[ag(x,y)+bh(x,y)]=aG(k,.k,)+bH (k,.k,)
Scaling

1 k, k
F[g(ax,hy)] = w(](;‘,;‘)
Duality
F{G(x)}=g(-k,)
Shift
F[g(x —-a,y- h)] =Gk, .k, Ye 2T kark)
Convolution
F[g(x,y)**h(x,y)]= Gk, k)H (k,.k,)
Multiplication
F[g(x,y)h(x,y)] = G(k,.k,)**H (k,,k,)
Modulation

F[g(x,y)eﬂ:r(,\aﬁ‘b)] =G(k,-ak,-b)
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Shift Theorem

F{g(x-a)}=F{g(x)*d(x-a)}
_ G(kx)eijIrak\

F{g(x-a,y-b)} =F{g(x,y)*5(x_a’y_b)}
= G(k k )e_jz”(kwﬂk\b)
x? y

Shifting the function doesn't change its spectral content, so
the magnitude of the transform is unchanged.
Each frequency component is shifted by a. This corresponds
to a relative phase shift of

- 2mta/(spatial period) = -2mak,
For example, consider exp(j2mk x). Shifting this by a yields
exp(j2mak (x — a)) = exp(j2mk x)exp(-j2mak,)
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Projection-Slice Theorem

k. =kcos@
2-D Fourier transform k, =ksin@
y \ m k, k=K + k]
u U(k,.k,) P
0
kX

U(k,.k,)=G(k,0)

1,0 . .
8(.6) 1-D Fourier transform

Gk.0) = [ (o)™ dI

[TT Liu, BE280A, UCSD Fall 2015 Modified from Prince&Links 2006




Projection-Slice Theorem

G(k,0) = f“; (L) dl
= [ LS yCecost + ysing ~ e dx dy di

I . J " u(x,y)e Tt gy gy

f t, f :,M(x, y)e 2krhy)

Eyplux ],

=k cos 0.k, =ksinf

dx dy
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_Projection-Slice Theorem

Ay
~

“ty,

el
| Sl e —j2a(k,x+k,y)
Uk, 0) = [ [ utxy)e ™ dxdy
} e
~< Z f = f:[ f__:u(x,y)dy]e"“"“dx
M 71 \){ _ f::g(x,Okszr[k‘xdx

= [ s 0

8(L0)

[TT Liu, BE280A, UCSD Fall 2015 Suetens 2002

Example (sinc/rect)

Example
8(x,y) = TI(II(y)
G(k,,k,) = sinc(k,)sinc(k,)

172

-1/2 172

-1/2
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Example (sinc/rect)

Example
8(x, ) =TI(0)II(y)
G(k,,k,)=sinc(k,)sinc(k, )

Projection at 8 =0;

g(1,0)=rect(l) — F(g(l,0)) = sinc(k)
k,=kcosO=k; k, =ksinf=0
G(k,,k,) = sinc(k)sinc(0) = sinc(k)

Projection at 6 = 90;

8(1,90) = rect(l) — F(g(1,90)) = sinc(k)
k,=kcos0=0; k, =ksinf0=k
G(k,,k,)=sinc(0)sinc(k) = sinc(k)
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Example (sinc/rect)

Example V2
8(x,y) =I()II(y)
G(k,,k,) =sinc(k,)sinc(k,)

Projection at 8 =45;

1 1 [
1,45)=\2A| ——|=2 *
8(1,45)=2 (\/5/2) rect(ﬁ/z) recz(\/z/z)
— F(g(l,45)) = 2ﬁsinc(kﬁ)ﬁsinc(kﬁ] =sinc? (k\/z)
2 2 )2 2 2

2/2 V212

f 2

k,=kcos=k—; k, =ksinf=k—
2 ’ 2
G(k,,k,) =sinc (k \f]sinc (k \f] =sinc? (k \/25)
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rampe  EXample (sinc/rect)
g(x,y) =TI(x)II(y)
G(k,,k,) =sinc(k,)sinc(k,)

Projection at 0 <6 <90
k., =kcos0; ky =ksinf

G(k,.k,) =sinc(kcos8)sinc(ksin6)

8(1,0) = F(sinc(kcosB)sinc (ksin0))
=F"' (sinc(k cos 6)) *F! (sinc(k sin 9))

o) w7 00
= rect * rect| ——
cosf cosf) sin6 sin6

1 l l
= —rect *rect| —
cosfsinf cosf sinf
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In-class Exercise

u(x,y) =rect(x,y)cos(2m(x +y))

Sketch the object
Calculate and sketch the Fourier Transform of the Object
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In-class Exercise

u(x,y) =rect(x,y)cos(2m(x +y))

Sketch this object.
What are the projections at theta = 0 and 90 degrees?
For what angle is the projection maximized?

PollEv.com/be280a
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Fourier Reconstruction

Fk k)

Interpolate onto Cartesian grid
then take inverse transform
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Filtered Backprojection

‘u(x,y) _ fon f:G(k,e)eﬂn(xkcosB +yksin3)‘k‘dkd9

= [ [ KG(k.0)e ™ dkd

= f Oﬂ g'(1,0)d6 —— Backproject a filtered projection
where [ = xcos0 + ysin

' (1.0 = [ KG(k.0)e ™ dk

a0y P[]
=g(1,0)*q(])
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Polar Version of Inverse FT

. M(X,y) _ f_z fj;G(kx,k).)ejzn(k“x+k)Y)dk'xdk},

=f027rf:G(k’0)e_jzn(xkcose+yksin6‘)kdkd9

_ fon f_f:G(k’G)ej2ﬂk(,xcos€+ysin9) k‘dkd@
Note :

8(L.O+ ) = g(-1.0)

So

G(k,0+ ) = G(-k,0)
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Fourier Interpretation

N N

Density =— ~
circumference 2n’|k|

Low frequencies are
oversampled. So to
compensate for this,
multiply the k-space data
by Ikl before inverse
transforming.

= =

Kak and Slaney; Suetens 2002
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Ram-Lak Filter
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Reconstruction Path

Projection
" T
F
X F! Filtered Back-
Projection Project
. s . [™
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Projection

Reconstruction Path

N __, Filtered
o Projection

BENENE | . l

[TT Liu, BE280A, UCSD Fall 2015

Back-
Project

Suetens 2002

Example

@) 64 pomstons @ 512 pojecions.
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P
| .

Kak and Slancy




Exampole Exampole

(2)

Figure 6.16
Backprojection step.

Figure 6.15

Convolution step:

(a) Original sinogram;

(b) filtered sinogram;

(c) profile of sinogram row

[white line in (a)]; and

(d) profile of filtered

sinogram row [white line in 50 100 150 200 250 300

(b)]. ©

Figure 6.17

Filtered sinogram Final reconstruction Summation step.

Prince and Links 2005 Prince and Links 2005
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—— Ram-Lak
janning Fitered

3 D) El 05
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Filtered
Projections

—— Projection
Ram-Lak Fitered

—— Hanning Fitered
o 20 40 60 20 100 120

Filters

Which image used the
Hanning filter?
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